CHAPTER 11
DIFFERENTIAL EQUATIONS

TOPICS:

1. Differential Equation,Order And Degree
2. Formation Of Differential Equation.
3.Variable Seperable Method
4.Homogeneous M ethod

5.Non Homogeneous M ethod

6.Linear Differential Equation

7.Bernoulli’s Differntial Equation




DIFFERENTIAL EQUATIONS

An eguation involving one dependent variable, one or more independent variables and the
differential coefficients (derivatives) of dependent variable with respect to independent variables
iscalled adifferential equation.

ORDER OF A DIFFERENTIAL EQUATION :

The order of the highest derivative involved in an ordinary differential equation is called the
order of the differential equation.

DEGREE OF A DIFFERENTIAL EQUATION

The degree of the highest derivative involved in an ordinary differential equation, when the
equation has been expressed in the form of a polynomial in the highest derivative by eliminating
radicals and fraction powers of the derivativesis called the degree of the differential equation.

EXERCISE --- 11(A)
|

1. Find theorder of the family of the differential equation obtained by eliminating the
arbitrary constants b and ¢ from xy = ce* +be™ +x°.

Sol.
Equation of the curveis xy = ce* +be™ +x°
Number of arbitrary constantsin the given curveis 2.
Therefore, the order of the corresponding differential equation is 2.

2. Find the order of the differential equation of the family of all circleswith their centers
at theorigin.

Given family of curvesis x* +y® =a? = ——(1), a parameter.
Diff (1) w.rt x, 2x+2y.y; =0.
Hence required differential equation is x+y.y; = 0.
Order of the differential equationis 1.
[l

1. Form the differential equation of the following family of curveswhere parametersare
given in brackets.

). y=c(x-c);(c)

Diff. w.r.t x,
y, =c2(x-c)---~2)



i) xy =ae* +be™;(a,b)

xy = ae* +be™ — - —(1)

Diff.w.r.t. x,

y+xy, =ae’ —be™* - -—(2)

diff . wrt. X,

Y1ty +Xy, =ae” +be" =xy

U2yt xy= Xy

Which isrequired differential equation.
iii) y=(a+bx)e*;(a,b)
y=(a+bx)e* --—(1)

Diff.w.r.t x,

=y, =k(a+bx)e* +be*

=y, =ky +be* — = ~(2)

Diff.w.r.t. x,

=Y, =ky, +kbe™

=YY= ky1+k(y1 _kY)

=y, =2ky, —k’y whichisrequired differential equation.
iv) y=acos(nx+b);(a,b)

ans. y,+n’y=0

Obtain the differential equation which correspondsto each of the following family of
curves.

Therectangular hyperbolas which have the coor dinates axes as asymptotes.
. Equation of the rectangular hyperbolais xy=c? where c is arbitrary constant.
Differentiating w.r.t. X



dy

X_
dx

+y=0

i) Theéellipseswith centresat the origin and having coor dinate axes as axes.

Sol. Equation of ellipseis

X2y _
a’> b?

Diff. w.r.t.x,

2
§+gﬂ =0= y_ylz —b_2X
a

a’> b? dx
Diff. w.r.t. x,

b? :
YYotY1y1 = ‘g =Y.y, +2y; =%

= X(Y.y2+2y1) =yy1
1m0

1. Form thedifferential equations of the following family of curveswhere parametersare
given in brackets.

i) y=ae> +be™; (a,b)

Sol. y =ae® +be™ ---—1)
Differentiating w.r.t x
y, = 30e™ +4be™ - - —-2)
Differentiating w.r.t X,
y, =9ae™ +16be™ - - - — (3)

Eliminating a,b from above equations,

3X 4X

y € € y 1 1
y, 3* 4% |=0=y, 3 4|=0
y, 9> 16e™ y, 9 16

=y, -7y, +12y =0which istherequired differential equation.

i) y=ax+bx; (a b)

2
Ans: xzﬂ—Zxﬂ+Zy =0
dx? dx



iii) ax®*+by?’=1: (a b)
Sol.
Given equation is
ax? + by? = 1---—-(1)
Differentiating w.r.t. X
= 2ax+2byy, =0

Differentiating w.r.t. x
= a+b(yy, +y,y,) =0=a+b(yy, +y?) =0
= ax+bx(yy, +y;°) =0--(3)

(3)-(2)= bx(yy2 + ylz) ~byy, =0
= X(yyz + y12) -y, =0

V) xy=ax? +§; (ab)

2
Ans; x? {%} +2X (j—yj -2y =0
X X

2. Obtain the differential equation which correspondsto each of the following family of
curves.
i) Thecircleswhich touch theY-axisat the origin.
Sol. Equation of the given family of circlesis
x?+y?+2gx =0, gisarbitrary const ... (i)
X% +y? = —2gx
Differentiating w.r.t. X
2X + 2yy1 =29 .. (i)
Substituting in (i)
x* +y? = x(2x + 2yy1) by (ii)
= 2%% + 2xyy1
yy? —2xyy1 —2x*=0

y?—x%= 2xyﬂ.
dx



ii) Theparabolas each of which hasa latusrectum 4a and whose axes are parallel to
X-axis.

Sol.
Equation of the given family of parabolasis
(y —k)* = 4a(x —h)-—--(i)
where h,k are arbitrary constants
Differentiating w.r.t. X
2(y —k)y1 =4a
(y—-Kyi=2a...(2)
Differentiating w.r.t. X
Y -Ky2+y*=0  ..(3)
From (2),y—k = 2a
Y1
Substituting in (3)
2y, +y2 =0= 2ay, +y3 =0
1
i) The parabolas having their foci at the origin and axis along the x-axis.
Sol.
Given family of parabolasisy2 = 4a(x + a)-----(i)
Diff. w.r.t.x,

2yﬂ:4a:1yy’ =a-----(2)
dx 2

From (i) and (2),

v azw(xs S|

y? =2y'X+4E—15y2>/2 = yZ =2yyx +y%y 2

2
dy dy
—Z +2 —Z | =
y(dx] X(dx) Y



SOLUTIONS OF DIFFERENTIAL EQUATIONS

1.VARIABLES SEPARABLE
L et the given equation be j—y =f(x,y). If f(x, y) isavariables separable function, i.e., f(X, y) =
X

g(x)h(y) then the equation can be written as % =g(x)h(y)= & g(x)dx . By integrating

h(y)
both sides, we get the solution of g—y =f(Xx,y) . This method of finding the solution is known as
X

variables separable.

EXERCISE - 11(B)
1. Find thegeneral solution of \/1—x2dy +\/1—y2dx =0.

GivenD.E is \/1—x2dy +\/1—y2dx =0
\V1- x2dy =- 1—y2dx
Integrating both sides
J' dy - _J' dx
\/1—y2 V1-x2

snly=-sin'x+c

Sol.

Solution issin™x + sin"y = ¢, where c is a constant.

2. Find the general solution of ﬂ:ﬂ

X X

dx X y X

Integrating both sides
logc+logy =2logx
Iogcy:Iogx2
Solution is cy = x* where c is a constant.
II. Solvethefollowing differential equations.

dy _1+y?

1. Y-
dx 1+x2
2
so, Y -1ty

d_X_1+x2



Sol.

Sol.

Integrating both sides

dy ¢ dx
= .'.1+y2 - Il+X2

= tan_ly =tan 1 x +tan ‘¢ where c is a constant.

& _ g
dx

dy & dy d

—=—=
dx ¢ & €
Integrating both sides J.e_xdx = I evdy=-e* =-e" +c

e Y =e¢* +c where c isaconstant.

€+ ydy+(y+1dx=0

(€ + )y dy =~y + 1)dx

ydy __ o
y+l & +1
Integrating both sides

1 ¢ e ¥dx
I{l_mjdy a .[_e—x +1

y—log(y +1) =log(e™* +1) +logc

= y-log(y +1) =logc(e™ +1)
=y =log(y +1) +logc(e”™* +1)
y =logc(y +1) (e +1)

Solutionis: € =c(y +1)(e”™* +1).

Y _ ey 12y
dx

X 2
ﬂ =&Y +x2e7Y _€ +X_
dx e ¢

Integrating both sides
jey [y = j(eX +x2)dx

3
Solutionis: & =¢* +X? +c



Sol.

Sol.

Sol.

tany dx + tanxdy =0
tany dx =—tanx dy
dx _ -dy cosx cosy

= = ——0dXx=——
tanx tany  sinx siny

Taking integration
J‘COSX _ @
sinx siny
logsinx = —logsiny +logc
logsinx +logsiny =logc
log(sinx@iny)=logc=sinx8iny =c

V1+x2dx +/1+y2dy =0

1+x%dx = —/1+y2dy
Integrating both sides .f\/l+7dx = —dey
§X\/1+7 +%sinh_lx =

y? _1

smh X+C

xy/1+ X2 +y\/1+y2 +Iog[(x +V1+x2)(y +/1 +y2)} =

dy 2 dy]
-X—= = + -2
Y dx (y dx

dy _ GOy
¥~ 5y = +5) x+5 y(1-5y)

Integrating both sides

_ 5
fiis™ Iy(l 5y) I(y 1- Sdey

In|x+5|=Iny =In|1-5y| +Inc

&y = X+5= i
-5y 1-5y

In|x+5|=In
1




Sol.

Sol.

Sol.

dy _xyty

dx Xxy+Xx
ﬂ:y(x+l):y+1 :X+1dx
dx x(y+J) y X

J.(1+%] dy = I(1+§]dx

y+logy =x +logx +logc
S
y

dy _ 1+y2

dx  (1+x?)xy

y—-X =log

dy 1+ y2

dx @+x?)xy

N l;J/rdy2 _ Ox .
y©  x(@+x%)

2ydy  2xdx

1+ y2 - x2(1+x2)

Integrating both sides
I 2ydy _[( JZX dx
1+ y 1+ X2

log(1+ y2) =Iogx2 -log(1 +x2) +logc

log(1+x?) +log(L+y?) =logx? +logc
Solutionis: (1 +x%)(1 +y?) = cx?

Qﬂ(z _ 2 @Y
N

ﬂﬂ(z _ 2 @Y
dx

:ﬂ:xzﬁe’y—x =x?(e¥ -1)
dx

Integrating both sides

ijl Jx

Ixzdx



Sol.

Sol. —=

_ 3y 3
o) X
3 3

logl-e¥) =x3+¢ (¢ =30

+C

Solutionis: 1-e¥ = & (k =€)
(xy? +x)dx + (yx* +y)dy =0
(xy? +X)dx + (yx* +y)dy = 0
x(y? + )dx + y(x* + 1)dy = 0
Dividing with (1 + x3)(1 + y?)

xdx N ydy

=0
1+x2 1+y2

Integrating both sides
,[ XdX2+J‘ ydy 0
1+x 1+y

%[(Iog(1+ x2) +Iog(1+y2)} =logc
log(1+x?)(1+y?) =2logc =logc?
(1+x3(1+vy?) =k whenk =c2

dy _

2y tanh x
dx y

dy _ =2y tanh x :ﬂ = 2tanh xdx
dx y

Integrating both sides
J.ﬂ =2 j tanhx dx
y

logy = 2log|coshx| +logc

Iny = 2Incoshx +Inc =y = ccosh?x
sin_lid—yj =Xty
dx

gy—sm(x+y):>x+y t

1+ﬂ :E
dx dx

E—1:sint:>$:1+sint
dx dx



at
1+d9nt

=dx

Integrating both sides

-[l+smt_jdx
1-sint ,
J‘coszt d=xre

jwcztdt—jtantﬁect dt =x +c

tant —sect =x +cC

= tan(x +y) —sec(X +y) =x +C
2

ﬂ+—y +y+1 =0

dX x2+x+1

—dy: dx

y2+y+1 x%+x +1

Integrati ng both sides

_Iz jzdx

X< +X +1
dx

(EENCE

2 a2 2 g (x+l2)

«/§ Bi2 3 J3/2

+y+1

Y tan(x+y)
dx

= =1 +tan’v =sec’v
dx X

I

(1 +C0S 2v)
=

_[dx Icoszvmiv X +C
sec’ v

=X+cC

= J.(1+ cos2v)dv =2x +2c



sn2v

v+ =2X+2c

2v+sn2v =4x +c
2(X+y)+sn2(x +y) =4x +c'

—y—%s‘nm(x +y)] =

Homogeneous Differential Equations:

dy _f(x,y)
o g(x,y)
both f(x, y), g(X, y) are homogeneous functions of same degreeinx and y.

dy—v+x—
dx

A differential equation — is said to be a homogeneous differential equationinx, y if

To find the solution of the h.d.e put y = vx, then Substituting these values in
given differential equation, then it reduces to vari able separable form. Then we find the solution
of the D.E.

NOTE: Some times to solve the give homogeneous differential equation, we take the
substitution x =vy.

EXERCISE —11(C)
1. Express xdy —ydx =x? +y2dx intheform F(Xj =j—y.
X

X

Sol. x [y — ydx =+/x2 +y?dx

ﬂ—y— X2 +y :xﬂ:yh/x +y?

_VX/+X _
dx x x2 X

Whichis of theform F( j
X

dx

2. Express (x—yTan‘lljdx +xtan Y dy =0 in theform F(lj ey
X X X ) dx

g y[ﬂan 1(y)_1
Ans &Y - X =F(1j

dx tan-l[yj X
X



3. Express ij—zy(logy—Iogx +1) intheform F(X]:d—y.
X X

dx
Ans: & = X(Iogl +1j
dx x X

II. Solvethefollowing differential equations.

1, WX

dx x+y

Sol. dy _x-y (1)
dx x+y

(1) isahomogeneous D.E.

Puty = vx
_y:V+Xd_V
dx dx

:1—v_v_1—v—v—v2 1-2v-v?
dx 1+v 1+v 1+v
I(1+v)dv :J‘
1-2v -v?

——Iog(1—2v -v?) =logx +logc

EIog[l 2@( y j—logcx
2 X x2

2 2
log & 2X2y y7) _
X

-2logcx = Iog(cx)_2

2 o2
%:(CX)‘Z:
X



2. (x*+yddy = 2xy dx

Sol. & S which is ahomogeneous D.E.
dx  x2+ y2
Puty = vx
Y yex
dx dx

v+xG'|l: 2X(vX) _
dx xZ2+vx2 1+v?

3 3
\Y 2V 2V—-V -V V-V
de—z -V = =

dx 1+v? 1+v? 1+v?
1+v? d
A7 e
v(d-Vv9) X
2
Let 1+v :é_'_ B + C
v(l-v?) Vv 1+v 1-v

1+v2 =A(1-v?) +BV(L-V) +CV (1 +v)
v=0=1=A

v=1=1+1=C(2)=c=1
v=-1=1+1=B(-1)(2) = 2=-2B=B=-1

J» 1+vZ v o av dv
dv=|— +

v(1-v?) v Jl+v Yl-v
= logv —log(1 +v) ~log(L -v) =log—
1-v
O log v2_ logx loge logcx
1-v

=cx = v=cx(1-v?)
—2

2 2_\2
:cx(l—y—J:X:cx—(x y°)
X

=

X2 X2

X |<

Solutionis: y = c(x2 —y2)



s Oy —(x°+3y%)

dx (3 +y?)

) 2
Sol. & = % which is ahomogeneous D.E.
dx  (3x“+y*)

Puty = vx
Y oyexi
dx dx
VX G‘l _ —(x2 +3v2x2) _ —x2(1 +3v2)
dx  3x2+v2x? x2(3+Vv?)
2
del=—v sV
dx 3+\2
_—3v ~v3 -1-3v? _ (v +1)3
3+v?2 3+v2
3+v° _
(v+D® X

3+vZ A , B ., C
(v+1)3 v+l (v+1)? (v+1)°

Multiplying with (v + 1)°
3+V*=A(V+1)?+B(v+1)+C
=-1=3+1=C=C=4
Equating the coefficients of v
A=1
Equating the coefficients of V
0=2A+B
B=-2A=-2
v+3_ 1 2 4
(v+)® v+l (v+D® (v+D°

[Yd
(v+1)° X

I[ 1 2 + 4 ]dv:—logx+logclog(v+1)+ 2

vl (v+D2  (v+1)°

4

Vil 2v+1)?

c
log—

X



Sol.

5.

Sol.

Solution is;

Iog[l+1]+ 2 __ 2 =log<
X Y1 (y 2 X
Z+1

<t
2
2X  2X 2:I0gE—Iog(X+y)
X+y (x+y) X X
2x2+2xy—2x2 _ Cc
(x+y)? X+y
2xy c

=lo
(x +y)? gx+y

Iog(x—ch=—log{ ¢ j=— 2xy2
c X+y (x+y)

y?dx + (x* =xy)dy = 0
y? dx + (x* —xy)dy = (xy —x*)dy

dy_ ¥
dx  xy-x

5 which is ahomogeneous D.E.

Let y:vx:ﬂ:v+fo[iX
dx dx

—V_ldv:d—X: j[l—ljdv = [&
v X v X

v-logv =logx +logk
v=logv +logx +logk =logk(vx)

%=Iogky:> ky =Y/

dy _ (x+y)?
dx 2x2
2
% = (X2+ 32/) which is ahomogeneous D.E.
X



dy dv
YSVUX=>——=V+X—
dx dx

2 2
V+Xd_v:(x+vx) _ 2 1+v)
dx 2x2 2x2

d_v: (1+v2) _y :1+v2 +2v -2v
dx 2 2
2J‘ av _ dx

= [—=2tan'v=logx +logc
1+v X

Ztm'l(xj =logcx
X

6. (X*—y)dx—xydy=0
Ans: x3(x*—2y%) =k

7. (X%y —2xy?)dx = (x3 = 3x%y)dy
Sol. (x4 — 2xy?)dx = (x® = 3x%y)dy

2., _ w2
ﬂ = xg/—2x2y which is a homogeneous D.E.
dx  x°-3x°y
Put y = vx so that %:V+X—
X

av v —2v? B
dx 1-3v
V- 2v? -v(1-3v) _ 2v? +3v?
1-3v 1-3v
dv _ v2 1-3v , _dx
— = = vV = —
dx 1-3v v2 X

—-3logv =logx +logc
Vv



_—X=3|OQ(XJ =logx +logc
y X

3

—X—Iog(x) =logxc

y X

_ 3

—X:Iogx<:+logy—3

y X

- 3 3

y X X
3 2

Y e B =2

X € =y ex/y

Cy3 @X/y :XZ

8. y?dx+ (x*—xy+yd)dy=0

Ans y=c@® (/%)

9. (y? —2xy)dx + (2xy —x%)dy = 0

Ans: Xy(y—X) =C
2
10. Q+X:y_
dx x x2
2
Sol. ﬂ+x =Y_ which isahomogeneous D.E.
dx x x?2
Puty:vx:ﬂ=v+xﬁ
dx dx
dv _v2x2 av _
V+X—+V = X—=V°-2v
dx x2 dx
dv__dy
vZ-2v X
Let 1 :é-}-i

vi-2v v v-2
1=A(v-2) +Bv



v=0=1=A(-2) = —%

v=2=1=2B= B:%

1 (1 1 j dx
-~ || =——_|dv ==

2\v v-2 X
—%[Iogv—log(v ~2)] =logx +logc

—l[lo L}:Io cX
2 gv—2 J

log—— = —logex =log(cx) 2
v—=2

\Y (y/Ix) _ 1
—=(cXx =
vl CON T2 A2
ey -20
y-2x ¢

Solution is:

y—2x =c?x?y =kx?y wherek = ¢?
11. xdy - ydx =+/x? +y?dx
Ans: y+\/x2+y2 =cx?

12. (2x —y)dy = (2y —x)dx
Ans; (y—x)=c*(x+y)°

13. (x? y)dy:xy
Ans. x*+2y?(c+logy) = 0.

Vel

14. Solve 2 =Y 4
dx x x2
y

Ans. (y —X) = cX



1. Solve(1+e )dx+e /y(l dey=0.
y

Sol. (1+eX’y)dx +e ’y(l— jdy =0
y

el [1—)(]
= oLy which is ahomogeneous D.E.
dy (1+ X’y)
Put  x=vy= %=v+yﬂ
dy dy

(1+e")g—§ +e'(1-v) =0

(1+ e")(v +yﬂ) +e’(1-v) =0
dy
v +ve' +y(1+e")ﬂ +e' -ve¥ =0
dy
y(1+e")dv = (v +e")dy

Vio dv = y

J-1+e" _ d_y

log(v+e') =-logy +logc=> v +¢" =°
y

Xpey =Sxry@Y =¢

y y

2. Solve: xsnyﬂy ysm
X dx X

Sal. xsmyE-ldl ysm
X dx X

dy _ i(g”@'ij
=0

dy _

Puty =vx = ——v+x—
dx dx

=




dx sinv
dv _vsinv-1-vsinv
dx sinv

—sinvdvzidx
X

. dx
= |-gnvidv =+|—
J 5

= cosv =logx +logc =logcx

— cx = %08V = cos(y/x) _

3. Solve: xdy:[y+xcoszx]dx.
X

Ans: tan(lj =logx +c.
X

4, Solve: (x—ylogy +ylogx)dx + x(logy —log x)dy = 0.
Ans: =(x-y)logx +ylogy

5. Solve (ydx +xdy)xcosX:(xdy —ydx)ysinX
X X

Ans: xycos[xj =C
X

sH_Y_ o
dx

6. Findtheequation of a curvewhosegradient is

><|<

which passesthrough the point (1, 174).

Sol. — d_ =Y ~cos? 2 y which is homogeneous differential equation.
X

dx x

Puty = vx

ﬂ:V'i'X—

dx dx

v+xﬂ—v coszv:f = %
dx cos? v X

'[seczv: —'[d—X:>tanv:—IOQ|x|+c
X
This curve passes through (1, 174)

tan(gj =c-logl=c=1

X <

wherex >0,y >0and



Equation of the curveis:

tanv=1-log|x = tan(ljl— log| x|
X
Equations Reducible to Homogeneous Form -Non Homogeneous Differential Equations

The differential equation of the form dy _ ax+by+c

——— iscalled non homogeneous
dx ax+by+c

differentia equation.



