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ELLIPSE

A conic section issaid to be an ellipseiif it's eccentricity eisless than 1.

EQUATION OF AN ELLIPSE
2 2

The equation of an ellipsein the standard form is X—2+§ =1.(a<b)
a
Proof :
p
//_“ M
A‘! s N A |Z
L=0

Let S be the focus, e be the eccentricity and L = 0 be the directrix of the ellipse.
Let P be apoint on the ellipse.
Let M, Z be the projections (foot of the perpendiculars) of P, S on the directrix L =0
respectively.
Let N bethe projection of Pon SZ. Let A, A’ be the points of division of SZ intheratioe: 1
internally and externally respectively.
Let AA’' = 2a Let C be the midpoint of AA'.
The points A, A’ lie on the ellipse and SA e,SA—j' =e.
AZ A'Z

0 SA=eAZ SA'=eA'Z
Now SA + SA'=eAZ +eA'Z

=AA'=eAZ+A'Z)

=2a=¢(CZ-CA +A'C+C2)

= 2a=e[2CZ (- CA =A'C)

—=CZ=ale
Also SA'-SA =eA'Z -eAZ

— A'C+CS—-(CA -CS) =e(A'Z -AZ)

= 2CS=eAA’' (.CA=A'C)

= 2CS=e2a=CS=ae

Take CS, the principal axis of the ellipse as x-axis and Cy perpendicular to CS as y-axis. Then
S(ae,0) and the ellipse isin the standard form. Let P(x1,y1).



Now PM =NZ =CZ -CN

olw

Pliesontheélipse:

= %:e: PS=ePM = PS? = €?PM?

2
= (X, - ae)° +(y; -0)* =€’ (2 _XlJ

= (x,—20)” +y; =(a-x6)°

= xZ +a%e? —2x,ge +y? =a’ +x2e? -2xae

= [1-e")x? +yf =(1-eM)a’

2 2
XL + _ N
a’® a’(1-¢€°) a’> b?

2 2

:1:>X_1+y_1 =1

whereb*=a(1-¢€’) >0

2 2

Thelocusof Pis x_2+y_ =1.

a® b’

. o x? oy
O The equation of the ellipseis _2+F:1'
a

2 2

NATURE OF THE CURVE -+Y_=1

i)
i)

i)

V)

a’> b?
The curve is symmetric about the coordinate axes.

The curveis symmetric about the origin O and hence O is the midpoint of every chord of
the ellipse through O. Therefore the origin is the centre of the ellipse.

put y = 0in the equation of theellipse = x*=a* = x = +a

Thus the curve meets x-axis (Principal axis) at two points A(a, 0), A'(—a, 0). Hence the
ellipse has two vertices. The axis AA" is called mgjor axis. The length of the mgjor axisis
AA' =2a

put x=0=y?’=b*=y=+h.

Thus the curve meets y-axis (another axis) at two points B(0, b), B'(0, —b). The axisBB' is
called minor axis and the length of the minor axisis BB’ = 2b.

Thefocus of the elipse is S(ae, 0). Theimage of Swith respect to the minor axisis

S (—ae0).

The point S is called second focus of the ellipse.

Vi) Thedirectrix of the ellipseis x = ale. The image of x = a/e with respect to the minor axisis

x = —ale. Theline x = —aleis called second directrix of the ellipse.



2 2 2
Vii ) x_2+y_2 =1=y®=b [1—X—2j:> y =D o
a b a a

Thusy hasrea values only when —-a< x < a. Similarly x has real values only when

—b <y < b. Thusthe curve lies completely with in the rectangle x = +a, y = +b. Therefore the
ellipseisaclosed curve.

THEOREM

2
Thelength of thelatus rectum of theelllpse % =1l(@a>b>0)is 20 . Thelength of
a’ a

2 2
the latusrectum of the ellipse X—+Z— =1(0<a<b)is 2%
a’

il
A! i/A

Pr oof :

Let LL" be the length of the latus rectum of theelllpse Z— =1.
a2

Focus S=(ae, 0)

If SL=1I,thenL = (ae )

2 2
(862) +|—2—1
a b

2 2 2 4
—e +|——1:>|—2—1 e’ b2:>I2=b—2
b? b a a
2 2 2
=D g 2D e g 2
a a a

L lieson theé€llipse =

2 2

Note : The coordinates of the four ends of the latusrecta of the ellipse X—2 +§ =1(@a>b>0)
a

2 2 2 2
are L :[ae,b—),L' :(ae, —b—],Ll :[ —aeb—] Ly :[—ae, —b—J
a a a a



2 2
Note : The coordinates of the four ends of the latusrecta of the ellipse x_2 +% =1(0<a<b)
a

2 2 2 2
aelL= a—,be L'= —a—,be Ly = a—,—be , L= —a—,—be .
b b b b

THEOREM
X2 y2

If Pisapoint onthe ellipse —2+F =1 withfoci Sand S then PS+ PS = 2a.
a

Proof :

Let e be the eccentricity and L = 0, L' = O be the directrices of the ellipse.
Let C bethecentreand A, A" be the vertices of the ellipse.

0 AA" =2a

Foci of the ellipse are S(ae, 0), S (—ae, 0).

Let P(x1, y1) be apoint on the ellipse.

y
A

B

T 7 N

z A s' C S

Br

Let M, M’ be the projections of P on the directricesL = 0, L' = O respectively.

Let Z, Z' be the points of intersection of major axis with directrices.
0 MM'=2Z'=CZ + CZ' = 2ale.

PS+PS =ePM + ePM’

=¢(PM + PM') = e(MM') = &(2ale) = 2a.



DIFFERENT FORMSOF ELLIPSE

Casel :

2 2

In the equation of ellipse X—2+# =1=1(a>b)
a

L'=0 A C 5 A L=0

S

B
i) Centre C=(0,0)

ii) Vertices A = (a,0), A* = (-a,0)
iii) Length of Major axisAA® = 2aand length of Minor axis BB' = 2b
iv) Length of latus rectum is 2b’/a

v) Foci = (= ae,0)

a
vi) Equation of directricesx = + e

a’-b’
vii) Equation of latusrectax = + ae and eccentricity e= a’

2
(ae, + —J
viii) ends of latus rectum = a

Casell :

. X2y
In the equation of ellipse ¥+¥ =1=1(b>a)
i) Centre C=(0,0)
i) Vertices B = (0,b), B = (0, -b)

iii) Length of Major axis BB* = 2b and length of Minor axisAA® = 2a



2a’
iv) Length of Latusrectum= b

v) Foci = (0, = be)

b
vi) Equation of directricesy = e

vii) Equation of latusrectay = + be

viii) Eccentricity e= Vb’

a2
{i —_, beJ
iX) ends of latus rectum = b

Caselll :

Equation of ellipse with centre (h, k) and axes are parallel to coordinate axesis

(x-h)? + (y —k)?
a’ b?

=1;(a>h)

1) Centre C = (h,k)

i) Vertices (h + ak)

S Cﬂ;’kﬂ//A




iii) foci = (h + ag,k)

iv) Eccentricity e = a

2b?
v) Length of latusrectum = a

a
vi) Equation of directricesx = hx e

vii) Equation of latus rectum x = h+ ae

viii) Length of Mgjor axis = 2aand length of minor axesis 2b.

CaselV:
(x=h)*  (y-k)*
In the equation of ellipse  a? b? =1, (b>4a)
L=0—
B
[ ] S
A Chl)A
IISI
B
L'=0-

i) Centre C = (h,k)
ii) Vertices (h, k+b)
i) foci = (h, k= be)

iv) Eccentricity e= | b?

v) Length of latusrectum= b



b
vi) Equation of directricesy =k + e

vii) Equation of latusrectumy =k + be

viii) Length of Mgjor axis = 2b and length of minor axesis 2a.

THEOREM

Two tangents can be drawn to an ellipse from an external point.
ECCENTRIC ANGLE

DEFINITION

Let P(x, y) be apoint on the ellipse with centre C. Let N be the foot of the perpendicular of P on
the major axis. Let NP meets the auxiliary circle at P. Then CINCP is called eccentric angle of
P. The point P is called the corresponding point of P.

=
St

PARAMETRIC EQUATIONS

If P(x, y) isapoint on the ellipse then x =acos 8, y = b sin 6 where 0 is the eccentric angle of P.
These equations x = acos 6, y = b sin 0 are called parametric equations of the ellipse. The point
P(acos 6, b sin 8) issimply denoted by 6.

THEOREM
Theequation of the chord joining the pointswith eccentric anglesa and 3 on the ellipse
S=0is Xcosd B Y gnOtR _ o 2B
a 2 b 2 2
Proof :

Given points on the ellipse are P(acos a, b sin a), Q(acos 3, b sin 3).

bsina-bsinB _ b(sna-snp)

Slopeof PQ is =
acoso—acosf3 a(cosa — cosp)

b(sina-sinf) (x —acosa)

Equation of PQ is: y-sina =
a(cosa — cosp3)




y—bsina

:O(L;M(sina—sinﬁ): (cosa - cosP)

= (i—coso(jZCosO(—JrBsinO(—_B
a 2 2

:(X—sin aj(—Z)sina—JrBsina—_B
b 2 2

:(5—0050()0030(—4-8: —(X—sin ajsin a+p
a 2 b 2

- X cos? I3+ys|n . :cosacosa+B+smasm B:cos(c:( O(—Jrlsj—cos( _B)
a 2 b 2 2 2 2 2

2 2

Let P(x1, y1) beapoint and SEX—2+§ -1=0 beané€llipse. Then
a

(i) Pliesonthedlipse = S;1=0,
(i) Pliesinsidetheélipse = S$;1<0,
[11) Pliesoutside the ellipse = Si1> 0.
EXERCISE 4(A)

1. Findtheequation of the elipse with focusat (1, —1)e=2/3 and directrixisx+y +2=0.
Sol. Let P(xy, y1) be any point on the ellipse. Equation of the directrix is
L=x+y+2=0

M P

L=0

By definition of ellipse SP=e PM
S =€’ [PM?
2T x +y,+2 2
o {357
( 1 ) (yl ) 3 \/m
4(X1+y1+2)
9 2

=9 (=D +(y, +D)? | =2(x, +y, +2)°

= (X =1)% +(y, +D)°



= 9[xf — 2%, +1+yZ +2y, +1] =2[x12 +y2 +4 42Xy, X -h4y1]

= OxZ+9y? —18x, +18y, +18 = 2xZ +2y? +4x,y, +8x, 48y, 48
= 7xZ —4x,y, +7y? —26x, +10y, +10 =0
Locus of P(x1, y1) IS X2 — 4xy + 7y2 —26x+ 10y +10=0

Find the equation of the ellipsein the standar d form whose distance between foci is 2
and length of latusrectum is 15/2.

. Latusrectum = 15/2

2b®> 15
:___
a 2
Distance between foci is 2ae=2
= ae=1
But b?=a’-a¢’
=b’=a’-1
:%a:az -1=>4a°-15a-4=0

a=4or a=—1
4

2 2

Equation of the ellipseis X Y
16 15

Find the equation of the ellipsein the standard form such that the distance between the
foci is 8 and the distance between directricesis 32.
. Distance betweenfoci is 2ae=8—=ae=4

Distance between directrices = 32

L2 86
e e
:(ae)(ﬂjzm
e
=a’=64

= b?=a’-a’e® =64 -16 =48
2 2

Equation of the ellipseis X 4Y oq
64 48



Find the eccentricity of the éllipse, in standard form, if itslength of the latusrectum is
equal to half of itsmajor axis.

2
Given, latus rectum is equal to half of its magjor axis = 20 a
a

—2b*=&
Butb®=a (1-¢€%)
=28 (1-€) =&

—1-¢€° =%:>e2 =£:>e=i

V2

The distance of a point on the ellipse x* + 3y? = 6 from its centreis equal to 2. Find the
eccentric angles.

. Equation of the ellipseisx?* + 3y’ =6

2 2
X Y -
2
= a=+6,b=+/2

Any point onthe ellipseis P(\/Ecose,\/isine)
GivenCP=2= CP*=4
—=6c0s’0+2sin°0=4

—6(1l—sin’B) +2sin*6 =4
=6-6sin” 0 +2sin” 0 =4

L 48n?0=2—gn?0=2=1
4 2

S|n6:+i

V2
sing===g="3"

2 4 4
S|n6):—1:>6=5—n,ﬁT

2 4" 4

: m3ns5n7mn
Eccentricanglesare: —,—,—,—

4 4 4 4



6. Find theequation of the élipsein the standard form, if it passesthrough the points
(2, 2) and (3, -1).

X2 y2
Sol. Equation of the ellipse is —2+le
a
Itispassing through (-2, 2), (3, -1)
4 4 ,
—2,2) =>—=+—==1 ..
(-2,2) Z (i)
9 1 .
3-1) =>—=+—==1 ..
(3. -1) Z (if)
Solving (i) and (ii), we get
1_3 1_5
a? 32 b 32
2 2
XY
32 32

= 3x?+5y% =32
7. If theendsof major axisof an élipseare (5, 0) and (-5, 0). Find the equation of the
ellipsein the standard form if itsfocuslieson theline 3x —5y —9=0.
Sal. Vertices (+a, 0)= (£5,0) = a=5,
focus S = (ae,0)
Focusliesontheline3x -5y —-9=0
=3(ae) —5(0)-9=0
3

= 5e:g:>e:—
3 5

b’=a(1-¢€’) = b= 25(1—3) :25(Ej =16
25 25

2 2
Equation of the ellipseis %+I—6 =1=16x2 +25y% =400



Find thelength of major axis, minor axis, latusrectum, eccentricity, coor dinates of the
centre, foci and equations of directrices of the following ellipse.

Sol.

i) 9x?+ 16y° = 144
i) 4x°+y*—8x+2y+1=0
ii)x? + 2y —4x + 12y + 14=0
2 2

Given equation is 9x? + 16y° = 144 = )1(_6+y3 =1
0 a=4,b=3 wherea>b
Length of major axis=2a=2x4=8
Length of minor axis=2b=2%x3=6
20 _ 2@ _9

Length of latusrectum= — =—— ==

a 4 2

2 _ 12 _
Eccentricity:‘/a 2b :‘/16 gzﬂ
a 16 4

Centreis C(0, 0)
Foci are (+ae, 0) = (++/7,0)

Equations of the directrices are

x=+2 o x=sagt =418
e NI
= J7x = +16

ii) Given equation is4x® + y*—8x + 2y + 1=0
= 4(x%-2x) +(y? +2y) =1
= a((x-1)? -1) +((y +1)? 1) =4
= 4x-1)% +(y +1)% =4 +1 -1 =4

2 2
LDy
1 4

a=1b=2 wherea<b = y-axisismaor axis

Length of major axis=2b =4
Length of minor axis=2a=2



2 _ 2 _
Eccentricity:‘/b 2a :‘/4 1=£
b 4 2

Centreisc(-1, 1)
be= 2 E—I\/Z—é =3

Foci are (-1,1++/3)

Equations of the directrices are
y+1:iE:i:£
e 3
\/éy + \/§ =4
\/éy +/3+4=0

i) TRY YOURSELF

(x=h)* , (y=k)?* _
a’ b?
data. i) Centre(2,-1), oneend of major axis(2,-5), e= 1/3.
.Centre C=(h,k)=(2,-1) =>h=2,k=-1
End of mgjor axis A =(2, -5).

Find the equation of the ellipsein theform 1 given thefollowing

The x coordinates of centre and end of the major axis are same, therefore major axisis
parallel toy axis.

b=CA =./(2-2)2 +(-5 +1)% =/(4)? =4
a? =b?(1-¢) :16(1 —lj =18
9) 9

Equation of the elipseis
(x=2° , (y+D? _,

RV RT
9
2 2
_ax=22  (y+D? _
128 16

— 9(x —2)? +8(y +1)® =128
=i.e 8(x—2)%+9(y + 1)*= 128.



ii) Centre(4,-1), oneend of major axisis (—1,—1) and passing through (8, 0).
Sol. Centre C (4,-1)
ONE end of major axisisA =(-1,-1).

Y coordinates of above points are same, major axisis parallel to x axis

a=CA = /(4 +1)% +(A+)? =5
Ellipseis passing through (8, 0)

N2 2
:>(8 4) +(O+1) :1:>i:1—1_6 :3
25 b? b? 25 25
Equation of ellipseis
(x—4)° =
—(y+D) =1
x (y )?

= (x —4)? +9(y +1)% =25
i) Centre (0, -3), e= 2/3, semi-minor axis=5.
Sol.

CentreC (0,-3) ,e=2/3

Semi minor axisb =5

S>bP=d-a&¢

= 25= az—azﬂ:a2(§j
9 9

=45=d
Equation of ellipseis
(x=07, (y+3’

45 25
X, (y+3)° _
45 25
iv) Centre(2,-1), e=1/2, latusrectum = 4.
Sal.
Centre (2,-1),e=1/2
b2
latusrectum=4 = =——=4=b’=2a
a

- e



Sol.

Equation of the ellipseis

_”n2 2
9(x-2) N 3(y +1) _1

64 16
=9(x—2)%+12(y + 1)>=64

A line of fixed length (a+ b) moves so that its ends ar e always on two per pendicular
straight lines prove that a marked point on theline, which dividesthislineinto
portionsof lengths‘a and ‘b’ describes an ellipse and also find the eccentricity of the
ellipsewhena=8,b=12.

Let the perpendicular lines as coordinate axes.
Let OA =a and OB =3 then A (a , 0) and B(0, B)

And the equation of AB is i+%:1. a

a

Given length of theline AB =(a+ b)
= a?+p2=(a+b)® ... ()

Let P(x, y)be the point which dividesAB intheratioa: b

_( ba & ) _
:P_(a+b’a+b)_(x’y)
B

+b

:Xja:iba(’ :ij:ib@/
b a

a+b

Substituting the values of a, B in (i), we get,



a+h)? a+h)?

( b2) D(2+( 2) @2:(a+b)2
y _

or F+¥—1

P describes an €ellipse.

Givena=8,b=12, sothatb>a.

Eccentricity =

F\/lMM 80\{;

2. Provethat the equation of the chord joining the pointsa and 3 on the ellipse
—+y —lls cos B+ysm B—(:03(0( Bj

2 ¥ a 2 b 2 2

Sol. The given pointson the ellipse are P(acosa, b sina) and Q(acos 3, b sin )

Zcosa+BE<kina_Bj bos® TP
_ 2

b
_ Y1~Y, _b(sna-sinf) _ ( 2 2
Slope of PQ = = = =~
X; =X, a(cosa—cosp) a(—ZsinOHB @nﬂ‘ﬁj a@nLJ’B
2 2

bcosO(—+B
2
a+p

asin——
2

Equation of thechord PQis y—-bsina=- (x —acosa)

+B B __X OB

) . a
n——smaE*hn————cosT +cos o [¢os

Ygq

b 2 2 a

X B Y gndtP o o(+B+sin0(E<kin—O(JrB
a 2 2 2

a+p
2

cosa [¢os

in

:COS(C(—G—-'-BJ :(‘_‘,osa__B
2 2

THEOREM

The equation of the tangent to the ellipse S=0 at P(Xy, y1) isS; = 0.

THEOREM
x? y? a’x by _ , .,
The equation of the normal to the ellipse — += =1 at P(xy, y1) is ——-—==a" -b".
a’ b? X1 N
Proof : The equation of thetangentto S=0at PisS; =0
L9 W g
a b



The equation of thenormal toS=0at Pis
X
TH(x=x1) =3 (y =yy) =0

XY1 _¥X1 _XiY1 _ XY
b> a® b®> @ a?

= ab’ (ﬁ _ yXlJ - a’b’ (X1Y1 _ X1Y1]
xy;\b? a2 ) xy, \ b? a2
a’x b’y _

= 227 =32-p?.
X1 Y

THEOREM

The condition that theliney = mx + ¢ may be a tangent to theelllpse
a’

¢ =a’m?+ b2
Proof : Supposey =mx +c...(1) |satangenttotheelllpse +=—=1.
a’
Let P(x1, y1) be the point of contact.
The equation of the tangent a Pis

M 1=0 .2
2 -(2)

Now (1) and (2) represent the same line.

2 2
X, _ Yy, _-1 _—am _ _b
— == = =X, = Yy =—
a’m b*(-1) c o e
Pliesontheliney=mx+c=yi=mx;+cC
b? (—azm] -
=—=m +c= b? = —a’m? +c?
c c

=2 =a’m? +b?.
2 2

Note : The equation of atangent to the ellipse X—2+§ =1 may be taken
a

_ 2
asy = mx £+/a’m? +b? . The point of contact is( o m b J where
c 'c

c?=am? + b

y =1is
b



DIRECTOR CIRCLE THEOREM

The points of intersection of perpendicular tangentsto an ellipse S=0lieson acircle,
concentric with the ellipse.( WHICH ISCALLED DIRECTOR CIRCLE)
Proof :

2 2

Equation of the ellipse SEX—2+§ -1=0
a

Let P(x1, y1) be the point of intersection of perpendicular tangents drawn to the ellipse.
Let y =mx im be atangent to the ellipse S = 0 passing through P.
Then y, = mx; im

=y, — X, = H/a?m? +b? ;

= (y, —mx,)? =a’m? +b?

= yZ+m?xZ - 2x,y,m =a’m? +b?

= (xZ —a®)m? - 2x,y,m +(y? -b?) =0 ...(1)

If my, m; are the slopes of the tangents through P then m;, m, are the roots of (1).
The tangents through P are perpendicular.

=y -b? = —x{ +a® = xf +y7 =a® +b?

O Locusof Pis x?+y?=a’+b?, whichisacircle with centre as origin, the centre of

the ellipse.

AUXILIARY CIRCLE THEOREM

Thefeet of the per pendicularsdrawn from either of the foci to any tangent to the ellipse

S=0Ilieson acircle, concentric with the elipse.( called auxiliary circle)

Proof : b
2 2
Equation of the ellipse SEX—2+y—2—1:O /{
a b \ j
Let P(x3, y1) be the foot of the perpendicular drawn from either of the foci to a tangent.

The equation of the tangent to the ellipse S= 0is y = mx £va’m? +b? ...(1)
The equation to the perpendicular from either foci (xae, 0) on thistangentis

y= —i(x tae)...(2)
m



Now P isthe point of intersection of (1) and (2).

O y=mxx+a’m? +b?,y, = —%(xl +ae)

= Y1~ mxX, :im,myl +X, = e

= (y, =mx,)? +(my, +x,)* =a’m? +b® +a’e’

= y§ +MPx§ = 2xy,m +mPy; +x7 +2Xy;m
= a2m? +a2(1-€?) +a2e

= X (M® +1) +y; (1+m%) =a’m” +a’

= (G +yD)m® +]) =a%(m’ +D) = x +y7 =&

0 Locusof Pis x?+y? = & which is acircle with centre as origin, the centre of the ellipse.

THEOREM
The equation to the chord of contact of P(x1, y1) with respect to the ellipse S=0isS; = 0.



